Background {#Sec1}
==========

Longitudinal count data are often encountered in scientific studies. For example, Thall and Vail ([@CR22]) analyzed repeated seizure counts on subjects in a clinical trial. Winkelmann ([@CR25]) analyzed doctor visits, to evaluate whether German health care reform caused a change in their distribution.

Common features of serial count data include intra-subject correlation, due to similarity between the repeated measurements on each participant, and over-dispersion, which occurs when the variance is larger than expected for the assumed distribution of the outcome variable (Efron [@CR4]). Poisson regression is often applied for analysis of count data, but is usually not appropriate for longitudinal studies because it ignores intra-subject correlations and over-dispersion. Generalized Poisson regression (Consul and Famoye [@CR3]) allows for both over- and under- dispersion, but assumes independence of measurements.

In this paper we implement a maximum-likelihood based method for the analysis of longitudinal count data with over-dispersion induced by the serial correlation of measurements. Key assumptions of the approach include the first-order Markov property and linearity of the expectations for the conditional distributions, which are assumed to be Poisson. In addition, we assume that the correlation between adjacent measurements on a subject is constant.

The assumptions of the first-order Markov property, linearity in the conditional expectations, and constant adjacent correlations have been shown to induce a first-order autoregressive AR(1) correlation structure for the repeated outcomes on each subject (Guerra and Shults [@CR14]). The AR(1) structure forces a decline in the intra-subject correlations with increasing separation in time. Our method is therefore most appropriate for analysis of equally spaced longitudinal count data with over-dispersion.

Other approaches for analysis of over-dispersed longitudinal count data include semi-parametric approaches such as generalized estimating equations (GEE) (Liang and Zeger [@CR15]). Vinod ([@CR24]) described econometric applications of GEE. Ghisletta and Spini ([@CR12]) provided a concise summary of GEE for the social sciences. GEE is widely used because it does not require specification of the full likelihood that can be quite complex for longitudinal discrete data. However, GEE does not account for over-dispersion. In addition, the relative ease of application of GEE for discrete data can also be a potential limitation for the approach. When only the first two moments of the distribution of the outcome variable are estimated, as they are for GEE, it is possible to obtain estimates that are not compatible with any valid parent distribution. As cautioned by Molenberghs and Kenward ([@CR12]), "the parent provides a natural description of the framework into which the semi-parametrically specified parameters fit. The implication is that such semi-parametric methods as GEE1, GEE2, ALR, etc. can always be applied because there is always a valid parent, and hence a probabilistic basis."

We make comparisons with GEE to evaluate the impact of incorrectly ignoring over-dispersion when the models for the marginal mean and correlation structure are correct. We conduct simulations for moderately sized samples to demonstrate that when the likelihood is correctly specified, we have improved efficiency in estimation of the regression and correlation parameters for our approach relative to GEE that incorrectly ignores the over-dispersion.

Another model for longitudinal count data is the class of generalized linear mixed-effects models that incorporate random effects in the linear predictor. However, the implementation of likelihood based methods that involve random effects can be computationally challenging (p. 75, Fitzmaurice et al. [@CR7]). In addition, in contrast to GEE, for mixed models it is not straightforward to specify a particular working correlation structure for the repeated measurements on subjects. For example, the AR(1) correlation structure is not among the covariance models that were suggested by Thall and Vail ([@CR22]). Mixed-effects models are typically employed when the goal is to estimate effects that are subject specific, because the analysis results are conditional on the random effects (Gardiner et al. [@CR11]).

In general, likelihood based approaches like the one we implement in this paper enjoy several general advantages. Unlike semi-parametric approaches, they yield an estimated likelihood that can be used to conduct likelihood ratio tests and to compare the fit of models using criteria such as the Akaike information criterion (AIC) (Akaike [@CR1]) and Bayesian information criterion (BIC) (Schwarz [@CR18]). Maximum likelihood estimators are also most (asymptotically) efficient among a wide class of estimators (Serfling [@CR19]) when the distribution is correctly specified. Our method in particular, allows for specification of the usual model for the marginal mean for Poisson data, while also accounting for over-dispersion and serial correlation in the data via the induced AR(1) correlation structure.

In \"[Methods](#Sec2){ref-type="sec"}\" section we discuss the notation, model assumptions, the likelihood and likelihood equations. In \'[Application](#Sec7){ref-type="sec"}\" section we discuss an application of the methods followed by simulation studies in \"[Simulation studies](#Sec10){ref-type="sec"}\" section. We conclude with a discussion in [Conclusion](#Sec14){ref-type="sec"}\" section.

Methods {#Sec2}
=======

Notation and model assumptions {#Sec3}
------------------------------
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This AR(1) structure is plausible for longitudinal data because it requires the correlation between measurements on a subject to decline with increasing separation in time. For example, if $\documentclass[12pt]{minimal}
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Poisson likelihood {#Sec4}
------------------

We assume Poisson distributions for the marginal and conditional distributions in Eq. [2](#Equ2){ref-type=""}. For each $\documentclass[12pt]{minimal}
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The likelihood can then be expressed as$$\documentclass[12pt]{minimal}
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Taking the natural logarithm then yields the log-likelihood,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \text{ ln }\left( L(\beta ,\alpha ) \right)= & {} \sum _{i=1}^{m} \left( y_{i1} \theta _{i1} - \text{ exp }\left( \theta _{i1}\right) - \text{ ln }\left( y_{i1}!\right) \right) + \sum _{j=2}^{n_i} \left( y_{ij} {\theta _{ij}}^* - \text{ exp }\left( {\theta _{ij}}^*\right) - \text{ ln }\left( y_{ij}!\right) \right) , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta _{i1} = \text{ ln }(\lambda _{i1}) = x_{i1}^\prime \beta $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\theta _{ij}}^* = \text{ ln }({\lambda _{ij}}^*).$$\end{document}$

The following constraints must be satisfied in order for the constructed likelihood to be valid: (1) $\documentclass[12pt]{minimal}
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Likelihood equations {#Sec5}
--------------------

To obtain maximum likelihood estimates of $\documentclass[12pt]{minimal}
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The following algorithm summarizes our estimation procedure for a particular model:Choose initial estimates (starting values) of $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha = 0$$\end{document}$.Obtain solutions to the likelihood Eqs. [7](#Equ7){ref-type=""} and [8](#Equ8){ref-type=""} using the adaptive barrier algorithm that is implemented in the R package constrOptim. R code for the log likelihood function and for the gradient function, both of which are implemented in the Application, are provided in Appendix B of Gamerman et al. [@CR10] (at <http://biostats.bepress.com/upennbiostat/art45>).

Asymptotic distribution of the estimators {#Sec6}
-----------------------------------------

If the model is correctly satisfied and standard regularity conditions are satisfied, the ML approach described here will yield estimates that are consistent and asymptotically normal. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$(i({\hat{\theta }}))^{-1},$$\end{document}$ that we estimated using the inverse of the negative Hessian matrix, which is defined and implemented in Appendices A and B, respectively, of Gamerman et al. ([@CR10] at <http://biostats.bepress.com/upennbiostat/art45>).

Application {#Sec7}
===========

Doctor visits data {#Sec8}
------------------

Here we consider an analysis of a subset of data from the German Socio-Economic Panel data (Winkelmann [@CR25]) that we obtained within Stata (<http://www.stata-press.com/data/r14/drvisits>) and then exported for analysis in R (StataCorp 2013). Here we compare the results of an analysis using the proposed ML approach with the results obtained using Poisson regression and GEE.

The goal of the analysis was to assess the impact of the 1997 health reform on the reduction of government expenditures. A sample of 1518 women who were employed full time in the year before or after the reform was implemented were evaluated. The outcome we considered was the self-reported number of doctor visits in the three months prior to the interview. The main covariate of interest was an indicator variable that took value 1 if the interview took place after the reform was implemented (or took value 0 otherwwise). Additional covariate information was available on each participant's age, education, marital status, self-reported health status, and the logarithm of household income. Of the 1518 women in the dataset, 709 were interviewed both before and after the reform was implemented; 391 were only interviewed before; and 418 were only interviewed after the reform went into effect. This resulted in a total of 2227 observations available for the analysis.

We assumed Eq. [5](#Equ5){ref-type=""} with the following linear predictor:$$\documentclass[12pt]{minimal}
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We first fit the above model using Poisson regression as implemented in the glm function in R; the results are provided in Table [1](#Tab1){ref-type="table"}. Among women with the same household income, marital status, self-reported health, and education, there was a reduction in the log count of doctor visits of 0.140 after health care reform was implemented ($\documentclass[12pt]{minimal}
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Next, we used the geeglm function in R to implement GEE with an assumed AR(1) working correlation structure; the results are shown in Table [1](#Tab1){ref-type="table"}. As for Poisson regression, there was a significant reduction in the log count of doctor visits ($\documentclass[12pt]{minimal}
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When we fit the GEE model we assumed that the scalar parameters $\documentclass[12pt]{minimal}
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Lastly, we fit the proposed ML approach using the algorithm for estimation described in \"[Likelihood equations](#Sec5){ref-type="sec"}\" section. We obtained starting values for our approach using GEE, after first confirming that $\documentclass[12pt]{minimal}
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Table [1](#Tab1){ref-type="table"} shows the results for the ML approach. The estimated correlation parameter was 0.313 with a 95% confidence interval of (0.272, 0.354). After adjusting for the correlation among the counts of doctors visits, for over-dispersion, and for the other covariates, we again found that there was a significant impact of initiation of health care reform on the number of doctor visits ($\documentclass[12pt]{minimal}
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                \begin{document}$$AIC = 11707; BIC = 11{,}750$$\end{document}$) (Intercept)−0.4610.28112.690.1008 Reform−0.1130.024121.99\<0.0001 Age0.0050.001412.220.0005 Education−0.0080.00641.540.2153 Marital status0.0260.02940.750.3855 Health status1.1000.03131238.28\<0.0001 Log income0.1500.037615.83\<0.0001Correlation parameters Alpha0.3130.0208GEE approach (Intercept)−0.3810.57660.440.5083 Reform−0.1230.05295.400.0202 Age0.0050.00332.440.1182 Education−0.0090.01180.610.4349 Marital status0.0380.06980.300.5822 Health status1.1050.0873160.23\<0.0001 Log income0.1390.07983.050.0809Correlation parameters Alpha0.2130.0238ParameterEstimateSEz valuePr(\>\|z\|)*Coefficients*Poisson regression ($\documentclass[12pt]{minimal}
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Overall, the parameter estimates were similar for the proposed ML approach, GEE, and the Poisson regression. While the impact of age was similar across the approaches, it was significant in both the ML and Poisson approaches but not significant in the GEE model (ML $\documentclass[12pt]{minimal}
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With estimates of the log-likelihood for Poisson regression and the proposed ML approach, it was possible to calculate the AIC and BIC criteria as measures of the relative quality of the models for this set of data. Both BIC and AIC incorporate a penalty term for the number of parameters used in the model because it is possible to increase the numerical value of the likelihood solely by including additional parameters in the model, which may result in over-fitting the model to the data. This penalty term is larger in the BIC as compared to the AIC. For the Poisson regression model, the AIC and BIC values were 11,899 and 11,939, which were both greater than the AIC and BIC values for the ML approach (AIC = 11,707 and BIC = 11,746), which indicates that the ML approach had improved model fit over Poisson regression.

Epilepsy seizure data {#Sec9}
---------------------

Here we implement the proposed ML method and GEE for analysis of the epilepsy seizure data (Thall and Vail [@CR22]; Farewell and Farewell [@CR5]) that is available as part of the MASS package in R (Venables and Ripley [@CR23]). We assumed Eq. [5](#Equ5){ref-type=""} with the following linear predictor:$$\documentclass[12pt]{minimal}
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Table [2](#Tab2){ref-type="table"} shows the sample mean and variance of seizure counts at baseline and the four subsequent two-week periods (denoted as Y1 through Y4) for the placebo and drug groups for the seizure counts; it also displays the sample mean and variance of age at baseline. From the table, the sample variance for the outcome variables, Y1 through Y4, were greater than their respective means, which suggested that there was over-dispersion in the seizure counts.Table 2Mean and variance for the placebo and treatment groupsVariablePlacebo$\documentclass[12pt]{minimal}
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Table [3](#Tab3){ref-type="table"} shows the results of the analysis. The estimates were similar for the proposed ML method and GEE. The estimate of treatment was negative for both approaches, which suggested that the number of seizures was lower for subjects in the treatment group. However, treatment only differed significantly from 0 for the proposed ML approach ($\documentclass[12pt]{minimal}
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                \begin{document}$$AIC = 1566; BIC = 1579$$\end{document}$)*Coefficients* (Intercept)0.65690.195811.260.0008 Treatment−0.16680.06676.260.0124 Baseline0.02320.00071111.24\<0.0001 Age0.02380.005617.94\<0.0001 Period−0.06340.02158.720.0032Correlation parameters Alpha0.4160.0334GEE approach (Intercept)0.58550.34912.810.0936 Treatment−0.16420.15891.070.3014 Baseline0.02320.0012350.97\<0.0001 Age0.02630.01184.950.0261 Period−0.06440.03403.590.0580Correlation parameters Alpha0.5510.0656

The likelihood ratio test of the hypothesis that the regression parameter for time period is 0 also suggested that time period should be retained in the model for the proposed ML approach (*p* = 0.0030.) However, since the GEE analysis suggested that time period might not be important, we removed time period from the model for both GEE and the proposed ML approach. As shown in Table [4](#Tab4){ref-type="table"}, treatment differed significantly from 0 for the proposed ML approach, but was not significant for GEE ($\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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We next compared the AIC and BIC for the models that included and excluded time period. As shown in the Tables, both the AIC and BIC values were smaller for the larger model that included time period. The respective AIC and BIC values were 1566 and 1579 for the larger model, versus 1573 and 1583 for the smaller model. The AIC and BIC values indicated that the fit was superior for the larger model, which lent additional support for the larger model with its significant treatment and time period effects.

Simulation studies {#Sec10}
==================

In the previous section we identified significant treatment effects for the proposed ML approach that were not observed for GEE. Since the results depended on choice of approach, it was of interest to compare the performance of the methods for finite samples. We therefore performed simulations to assess the properties of the estimators of $\documentclass[12pt]{minimal}
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Set-up {#Sec11}
------

We compared the performance of the ML and GEE estimators for$$\documentclass[12pt]{minimal}
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Covariates were simulated based on the observed epilepsy seizure data in the previous section. Treatment was specified as present (equal to 1) for one group and as absent (equal to 0) for the other group. Baseline seizure count was simulated from a Poisson distribution with a random seed and mean $\documentclass[12pt]{minimal}
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                \begin{document}$$= 31.22$$\end{document}$ based on the mean baseline age from the epilepsy data. Similarly, age was simulated from a normal distribution based on the epilepsy data for which the minimum age was 18, the mean was 28.3, and the standard deviation was 6.261. Simulated age values below 18 were discarded and the next simulated age value was assigned. Age was then rounded to a whole number, as it was recorded in the epilepsy data.

The approach proposed by Guerra and Shults ([@CR14]) was used to simulate the correlated Poisson seizure counts with specified means, over-dispersion, and AR(1) correlation structure.

Assessments {#Sec12}
-----------

We wrote code in R to evaluate mean square error (MSE), percent bias, small sample efficiency, and 95% coverage probabilities using the observed information matrix. The mean square error (MSE) for estimator $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left\{ \frac{1}{R}\sum _{i=1}^R \left( \theta - {\hat{\theta }}_i\right) /\theta \right\} *100. \end{aligned}$$\end{document}$$Lastly, to evaluate the coverage probabilities, a 95% confidence interval was computed for each parameter estimate within each simulation run. The coverage probabilities represent the proportion of the R simulation runs in which the true parameter fell within the 95% confidence bounds. GEE coverage probabilities were computed similarly using the naïve variance estimates obtained from geeglm in R.

Results {#Sec13}
-------

Table [5](#Tab5){ref-type="table"} displays the MSE and Table [6](#Tab6){ref-type="table"} displays the percent bias for the simulations. For the ML method, the MSE for $\documentclass[12pt]{minimal}
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As compared to GEE, the ML approach had lower MSE and percent bias for all sample sizes for $\documentclass[12pt]{minimal}
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Conclusion {#Sec14}
==========

We proposed an ML approach for analysis of equally spaced longitudinal count data that accounts for intra-subject correlation of measurements and over-dispersion. Our application of the ML approach and GEE demonstrated that the results of the analysis differed between approaches, with significant treatment differences observed for some models for the ML approach, but not for GEE. The availability of the AIC and BIC criteria for the ML approach was useful for selecting between nested models. The interested reader can replicate our analyses using code in R that we provided in Appendix B of Gamerman et al. ([@CR10]) ( at <http://biostats.bepress.com/upennbiostat/art45>).

Our simulations demonstrated that the ML approach was similar to or slightly outperformed GEE with respect to MSE, bias, and coverage probabilities, especially for higher values of the correlation (for $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha = 0$$\end{document}$ the assumed models for the marginal means and correlations would have been identical for the ML approach and GEE. That the differences between the two approaches were greatest for larger values for the correlation was therefore to be expected.

Winkelmann ([@CR25]) implemented the Poisson model and several other approaches, including random effects and hurdle models. In future work it could be of interest to extend our comparisons with GEE to include some of the other methods considered by Winkelmann ([@CR25]). However, in this paper we focused our attention on comparisons with GEE because GEE is widely used and, unlike the methods considered by Winkelmann ([@CR25]), GEE allows for correct specification of the true AR(1) correlation structure that was induced by the model we used to simulate our data. Our comparisons with GEE therefore allowed us to assess the impact of correctly modeling the marginal mean, correlation structure, and over-dispersion (our approach), versus correctly modeling the marginal mean and correlation structure, but incorrectly ignoring the over-dispersion (GEE).

There are some limitations to the proposed ML approach that should be acknowledged. First, we assumed that the adjacent correlations on subjects are constant. The Pearson correlations of the residuals from a Poisson regression for the epilepsy data suggested that there was a 9% difference between the smallest and largest adjacent correlations, so that it may be worthwhile to relax the assumption of equal adjacent correlations for this data set. In addition, it may be of interest to consider an exchangeable correlation structure that assumes equality of all pairwise correlations on a subject. It is a limitation of the proposed approach that it cannot implement an exchangeable structure. In addition, although the proposed approach accounts for over-dispersion in the distribution of $\documentclass[12pt]{minimal}
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                \begin{document}$$Y_{i1}$$\end{document}$ is distributed as Poisson. The proposed approach therefore does not account for over-dispersion in the first measurements on each subject, which is appropriate when the over-dispersion is induced by the intra-subject correlation of measurements. In addition, as noted by a reviewer, the proposed approach assumes that the degree of overdispersion is directly related to the strength of the adjacent correlation coefficient. It would be interesting to explore how the method performs if there is weak correlation but strong overdispersion, or strong correlation with weak overdispersion.

VG derived results, wrote the first draft, wrote programs in R, ran simulations, conducted analysis, and reviewed the manuscript that she wrote as the third chapter of her Ph.D. thesis in Biostatistics at the University of Pennsylvania. Victoria Gamerman is an employee of Boehringer Ingelheim Pharmaceuticals, Inc. MG wrote programs in R and assisted with derivations, running simulations, writing and review of the manuscript. JS as thesis advisor of Victoria Gamerman, participated in derivations, running analysis, and writing and review of the manuscript. All authors read and approved the final manuscript.

Acknowledgements {#FPar1}
================

We thank the reviewer for a thoughtful and insightful review that led to considerable improvements in this manuscript. This article reflects the views of the authors and should not be construed to represent the FDAs views or polices.

Competing interests {#FPar2}
===================

The authors declare that they have no competing interests.
